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Abstract 

We prove the existence of infinitely many classical periodic solutions 
for a class of degenerate semilinear wave equations: 

Utt ~ Uxx + lul^^^U = f{x,t), 

for all s > 1. In particular we prove the existence of infinitely many 
classical solutions for the case s = 3 posed by Brezis in [Brezis83j . The 
proof relies on a new upper a priori estimate, for minimax values of, a 
perturbed from symmetry, strongly indefinite functional^ 
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1 Introduction 



In this paper we construct infinitely many classical time-periodic solutions for 
the following semilinear degenerate wave equation with time-dependent forcing 
term /: 

utt - u^x + giu) - f{t,x) = (1.1) 
u{0,t) =u{TT,t) =0. (1.2) 

where g{u) = and F{x, t, u) = g{u) + /(x, t), where / is of class and 

satisfies the Dirichlet boundary conditions. 

Brezis problem Brezis83j : seems reasonable to conjecture that when g{u) — 
problem (TT^) possesses a solution -even infinitely many solutions- for 

every f (or at least a dense set of f's.) 

Theorem 1.1. If f E then there exists infinitely many classical solutions of 
(n\),mMl for alls> 1. 

Theorem 11.11 also prove the existence of classical solutions for a question 
of Bahri-Berestycki in |BB84j on the existence of infinitely many solutions of 
((III]),(III2]) for the class of g{u) = 

The weak version of the conjecture of Brezis, the existence of weak solu- 
tions for a dense set of /'s has been shown to be true by Tanaka in ^Tanaka86| . 
The problem (|l.ip . (|1.2p . for a given /, has been studied by Tanaka [TanakaBS] , 
Bartsch-Ding-Lee |BDL99] . for arbitrary s > 1, and BoUe-Ghoussoub-Tehrani 
|BGT2000j, Ollivry |011ivry83l for the case 1 < s < 2 however only weak solu- 
tions have been obtained. As already noticed in |Rabinowitz71j there are two 
classes of monotone functions for problem (|l.ip . p.2p . the strongly monotone 
-P; §^ > a > which can be compared to the uniformly elliptic case and the 
degenerate monotone case which allows §^ = 0. These two classes of mono- 
tone functions have been extensively studied by Torelli |Torelli69] .Rabinowitz 
|Rabinowitz71) . Hall[Hall7Q], Hale |Hale66| . in the small perturbative case, i.e. 
with a smallness assumption on / . No such a smallness assumption is assumed 
here and the result we prove is a global one. 

The difficulty in proving the regularity of the weak solutions obtained by 
[TanakaSS] , |BDL99) , jBGT2000] lies in the strong monotonicity assumption which 
is required by the regularity approach of Brezis- Nirenberg, jBN78-2| . In |BN78-2) 
Brezis and Nirenberg show that an L°° weak solution is smooth as long as F 
is smooth and satisfies the strong monotonicity assumption ^ > £ > which 
fails here as g{u) has a vanishing derivative. Note that in the highly degen- 
erate case where F vanishes in an interval, weak solutions in L°° need not to 
be smooth, see |BN78-2) or |BN78-1] theorem 7.8. Therefore, to find classical 
periodic solutions we will proceed differently. In |Rabinowitz78 j Rabinowitz de- 
veloped a regularity theory for this type of degeneracy where ^ = is allowed 
but g strictly monotone (zi > Z2 implies g{zi) > 5(22)) for equations of the 
type (|l.ip . (|1.2l) and with f — 0. The approach in [Rabinowitz 78[ consisted in 
seeking viscous approximative solutions, studying a modified equation analogue 
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of dUl) with / = 0: 



(1.3) 



(Here u(/3) = w(/3) + w(/3) and w(/3) is the component of u(/3) in the direction 
of the infinite dimensional kernel of □, with the Dirichlet-periodic boundary 
conditions. The solution u is split in such a way to tackle the problem stemming 
from the infinite dimensional kernel of □.) with the parameter /3 and obtaining 
compactness via upper priori estimates independently of /3 of the critical values 
of the modified problem (|1.3|) . enabling him to send /3 to and then finding 
classical solutions. However the problem here contains the forcing term / and 
the natural functional associated with the problem (|l.ip is no longer even thus 
the minimax sets for finding critical values in |Rabinowitz78) do not apply for 
forced vibrations. 

In the eighties and nineties a perturbation theory for this type of problems 
-perturbation from symmetry- was developed, by Bahri-Berestycki pBSlj .Bahri- 
Lions jBahriLions88) ,Tanaka |Tanaka8"9] Struwe |Struwe90] , Rabinowitz |Rabinowitz82j 
and BoUe |Bolle99) . The approaches consist in finding growth estimates on some 
minimax values, 6„, and if they grow fast enough, will imply the existence of crit- 
ical values of the perturbed functional. Hence it is therefore natural to try to 
implement these approaches, to tackle the regularity issues stemming from the 
degenerate monotone semilinear term g{u) and the infinite dimensional kernel 
of □ under Dirichlet boundary conditions, to the modified equation, seeking 
viscous approximative solutions: 



However the approaches by [BB81) , jBahriLions88| , |Bolle99| , |Struwe90] , |Rabinowitz82) , do 
not provide an upper explicit upper estimates on the critical values, and this lead 
to serious difiiculties to obtain compactness of m(/3), as /3 — 0. 

For even functionals, the identity map is an admissible function in the set 
of maps considered for the minimax procedure. Information gleaned from the 
identity map in ^Rabinowitz84j has lead to explicit a priori estimates and hence 
compactness for free vibrations. For forced vibration such an explicit map is 
lacking and to overcome these difficulties we construct a map in the minimax sets 
of Rabinowitz \Rabinowitz82f . whose energy in Jp is controlled independently of 
j3. The additional estimate thus obtained lead to the needed compactness needed 
to pass to the limit as /3 — 0. 

Having constructed minimax values c™(5) with upper a priori estimates in- 
dependently of, the Galerkin parameter m and /3, we need information on the 
growth of some minimax values 6™ to show that the c™((5) are critical values. 
To obtain the lower estimates of the growth of the &™ we employ the functional 
K introduced by Tanaka in |Tanaka8"8] and the Borsuk-Ulam lemma of Tanaka 
|Tanaka88] . see lemma [^31 

Another advantage of our approach is that it simplifies the weak solutions 
approach of |Tanaka8"8) . In |Tanaka8"8) some technical lemmas are employed to 
get information on the index of the weak solution m, obtained by passing to 



Wtt(/3) - Wxx[P) 



\u\'-^u{p)+pvtm + f{t,x). 



(1.4) 
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the limit in the Galerkin parameter to, the index of the critical value of the 
approximate solution m™, obtained from the Galerkin scheme. Here the upper 
estimate on c™((5) is also independent of m thus it allows to simplify the passage 
to the limit as m — > oo. 

Once the compactness of the sequence m(/3) is obtained, the regularity will 
follow by the adapting the argument of |Rabinowitz78) to the problem consid- 
ered here, in presence of a forcing term f{x,t). 

Remark: Upper estimates for criticial values via the approach of \Bolle99^ 
and under Dirichlet boundary conditions are in \CDHL 2004l by Castro, Ding and 
Hernandez-Linares, and Castro and Clapp \Castro Clapp2006j , for perturbation 
of a differential operator, the Laplacian, the noncooperative elliptic system: 

- /\u^\u\P-^u + fu{x,u,v) (1.5) 

At; = |w|«-it> + /„(x,M,u) (1.6) 

v\dQ=u\QQ=Q. (1.7) 

However the approaches in 'CDHL2004^, \Castro Clapp2006^ are incomplete as 
they rely on estimating Jg | V[r(u)u] pdx for u G Hq(Q) but the functional 
T : Hq(Q) — )■ M is not Frechet differentiable and the authors do not define 
what they mean by V[t{u)u\,^q | V[t(u)u] pda;, for arbitrary u G Hq(Q). 

In Section l:There is a functional Ip whose critical points correspond for- 
mally to solutions of (|1.4I) . However as indicated by the approach of |Rabinowitz82| , 
for technical reasons we will work with another functional Jg . We prove Palais- 
Smale conditions at large energies independently of /? for the functional Jp and 
show implications for the functional I p. 

In Section 2: We construct the map H whose energy is bounded indepen- 
denlty of /?. This is the main novelty of the paper which leads to the compactness 
needed to show the existence of classical solutions. 

In Section 3 we adapt the arguments of |Rabinowitz78 ' and f Rabinowitz84) 
to end the proof. First we show that m(/3) is a classical solution of the modified 
equation (|1.4p then we obtain a C° estimate for w{/3). This is followed by a 
C" on w(/3), and the existence of a C^-solution u is proved. We then use the 
bootstrapping argument in [Rabinowitz78| to prove the existence of classical 
solutions. The multiplicity is deduced by noticing the lower estimates on the 
critical values c^{S) go to infinity as n cx). 
Functional Ip : 
We define the functional Ip : 




- f{x,t)u]dxdt. (1.8) 



We seek time-periodic solutions satisfying Dirichlet boundary conditions so we 
seek functions u G M with expansions of the form 

u{x,t) ^ ^ u(j, fc) sinjxe*''* 
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and define the function space 

j#ifei j=±k 

where we denote by E the space E'^ with s = 1. Define the functions spaces 
E+,E~,N as follows: 

N = {ueE, u{j, fc) = for j ^ \k\} 

E+ = {ue E, u{j, fc) = for |fc| < j} 

E- = {ue E, u{j, fc) = for > j}, 

w = + lu^ where iti"*" G E'^ G E^ and v G N and define the norm on 
E®N 

MiE^\\^^\\i + \\w-\\i+mvt\\h. 

When u is trigonometric polynomial, Ip can also be represented as: 

//3(«) = ^(ll»+ll|-|h-|||-/3||^tlliO- J^fudxdt. (1.9) 

The spectrum of the linear operator — under Dirichlet boundary con- 
ditions in space and time-periodicity consists of 

-k'+f 

where the eigenfunctions are the sin jx cos fct, sin jx sin fct. The eigenfunctions 
here are ordered as in [TanakaSS] i.e 

... - fJ.3 < ~fJ'2 < -Ml < < Ml < ^2 < A*3 < •■• 

where the /x; are the eigenvalues of — and have multiplicity one. Rear- 
ranging the eigenvalues this way is possible because all the non-zero eigenspaces 
of df — have finite multiplicity. The /i; — -|-oo as / — >■ -l-oo and denote by ei 
the corresponding eigenfunctions, and we define the spaces 

= span{ei,l <l <n}. 

For the Galerkin procedure we define the spaces 

= span{sm j X cos kt, sin jx sin kt, j + k < m j < fc}, 

N"^ = span{sinjxcosjt,sinjxsinjt, j < m} 

which are employed in the minimax procedure. 

We start by following the procedure of |Rabinowitz82) for perturbation prob- 
lems by proving some properties of the functional 1/3 . The difference here is that 
additionally we show that the constants involved in all the proof are independent 
of f3 to prepare for passing to the limit as /3 — J> 0. 
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Lemma 1.1. Suppose that u is a critical point of Ip. Then there is a constant 
ttQ depending on s, f but independent of j3 such that 

[ \u\'+'^dxdt < ae [ l'i{u) + ldxdt (1.10) 
Jo Jo 



I0{U) = Ift{u) - i/'(u)M 



^ \\ I H'^^dxdt - \ f fudxdt. 
1) Jq 2 Jo 



Now by applying Hausdorff- Young inequalities to Jq fudxdt we deduce 

^^^'''^ - 2^ITl) J^\^\'^'dxdt-c^{s)\\f\\^-e{s)\\u\\ltU (LH) 

where e(s) << l,Ci(s) are both independent of (3 hence 

l0iu)>\^ f \u\^+'dxdt-c{f,s) (1.12) 

We define the functional J/s which is amenable to minimax procedure. We start 
by defining a bump function X- X € C°°(M, M): 

r x{t) = i, if t<i , . 

\ xit) = if t > 2 . 
and -2 < x' < 0, for 1< t < 2. Then define 

Il3{u) = 2a6{l\u) + 1) 

and 



i;{u) = x{I^\u) [ ^^dxdt) 

J0{u) = [ [bu'^-ul-f3v^) - -^\u\^+'-^P{u)f{x,t)u]dxdt, (1.14) 
Jq ^ s + 1 

which on E+"^ © E'"^ © N"^ can be rewritten as 

Mu) = - \\w-\\l - PWvtWh) - ^Mltii - J i>{u)fudxdt. 

(1.15) 

Lemma 1.2. If u e suppijj then is a constant independent of /3 such that 
I j fudxdt\ < (X3{xf'^{u) + 1) 
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Proof: 

/ fudxdt\ < c{f, s)\\u\\i^!!+i 
Jq 

by Holder inequality, then if m £ suppip, then 

2^/3 (") / -^\u\'+^dxdt < 2 
Jq s + 1 

hence 

I / fudxdt\<cif,s)\\u\\L^+i <a3{lf''{u) + l) 



Q 

Lemma 1.3. There is a constant 71 depending on /, s but independent of /3 
such that 

I J^(u) - J,3{~u)\ < 7i(| J^(u)|* + 1) (1.16) 

Proof: 

Jp{u) — Jp{—u) — —Tp{u) f fudxdt + ilj{—u) I fudxdt 
and by the previous lemma 11.21 : 

ip{—u) / fudxdt<a3ip{—u) j \Ip{u)\^^ + Idxdt 



Q 



now 

Jp{u) = Ip{u)+ / fudxdt— I ^{u)fudxdt 
Jq Jq 

thus 

\Ip{u)\ < \Jp{u)\+2\ [ fudxdt] 

-Iq 

and 

I fudxdt] < a3'ip{-u){\Jp{u)^ + \ / fudxdt]^ +1) 
Jq Jq 

and the lemma follows. 

Lemma 1.4. There are constants ao,Afo > depending on /, s independent 
of /3 such that whenever M > Mq, then Ji3{u) > M and u € suppip then 
Ip{u) > aMo 

Proof: 

^^(w) > Jfiiu) - 2| / fudxdt\ (1.17) 
Jq 



7 



while ii u G suppTp then 

|/,3(u)|^ + 1 > — I / fudxdt] 
"1 Jq 

or 



|/«(m)|^>— 1/ fudxdtl-C (1.18) 
"1 Jq 

and adding (|rT7)) and (ILTSIi 

1 M 

Ip{u) + 2ai|/^(u)|— ■>Jp{u)-C>— (1.19) 

for Mo large enough. If Ii3[u) < 0, then by Young inequality 

while the inequahty (|1.19p 

ai|/^(^.)|^ >-/M^.) + ^ (1.21) 

hence 

s + l 

thus there is c{s) > such that 

cis)\If,iu)\<-^<0 (1.23) 
and we have a contradiction. 

Lemma 1.5. Lemma 1.29 IRahi nowitzS^ In E+"^ © E-"' © N"^,there is a 
constant AIi > independent of f3,m such that Jp{u) > Mi and J'^iu) = 
implies that Jf}{u) = Ip{u) and I'p{u) = 

Proof: 

We follow step by step the argument in |Rabinowitz82] . 
It suffices to show that 

[ ^— lul^+^dxdt < 1 (1.24) 
Jqs + 1 

j',iu)u^ [ ^^,-.i-pv^-\ur^d.dt-m I fud.dt-nu)u f md^dt 

JQ JQ JQ 

(1.25) 
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where 

x[-X(s''^{u){2aef2I(i{u)I'p{u)u [ ^-^^^^^dxdt + Ip-\u) [ \u\'+'^dxdt] 

.In S + 1 .In 



tp'{u)u = x'{Ip~\u) [ -J—\u\'+^dxdt) 



and 

J'f,{u)u ^ {1+Ti{u)) I wl-wl-l3v^dxdt-{l+T2{u)) j \u\''+^dxdt-{'iP{u)+Ti{u)) j fudxdt 



(1-26) 

where Ti , T2 are exactly as in |Rabinowitz82) : 



Ti(u) ^ ^ (Ir^'^ (u) / -^\u\'+'^+aidxdt)(2aQflR^'^(u) / ^-^ dxdt j fudxdt 

Jqs + 1 Jq s + 1 Jq 

(1.27) 

and 

T2{u) = x'ilp~\u) f -J—\u\'+^dxdt)Ip-\u) f fudxdt + Ti{u) (1.28) 
JQ S + ^ Jq 

and the conclusion follows just as in |Rabinowitz82) . 

We now show that the functional satisfies the Palais-Smale condition at 
large energies independently of (3 £'+™ © © N"^: 

Lemma 1.6. There is a constant M2 independent of /3 such that the Palais- 
Smale condition is satisfied on Am^ = {u e © -B"" © J/3(u) > M2} 

Proof: 

Let ui = wi+vi — +vi a Palais-Smale sequence at large energies, there 

are M2, K independent of f3, m such that M2 < Jp{ui) < K and Ja{ui) — t- 



J piui) - pJ'p{ui){ui) = {]: - p{l + Ti{ui))) I wft - wf.^ - fivftdxdt 

^ Jq 



+ [p(l + T2iui) - [ \ui\'+'dxdt 

s + ^ Jq 

+ {p{',p{ui) + T^{ui))-^{ui)) j fuidxdt (1.29) 



now we choose p — 2{i+Ti(ui)) then wc have 



p — > - independently of 13 as M2 — -l-oo 



Jp{ui)- pj'p{ui){ui) = [p{l+T2{ui)- -^)] j \ui\'+^dxdt 

s + 1 Jq 

+ {p{il){ui) + Ti{ui)) - ipiui)) / fuidxdt 



> [p{l+T2{ui)-^)-^] I \ui\^+'dxdt-c{f,s) 
s+1 s+1 



9 



where e(s) can be chosen to be a small positive constant by applying Young 
inequality so that 

[p(l + T2{ui) - -1^) - ^] > (1.30) 

, and c(/, s) is another constant depending on /, s, both being independent of 
p. Now recall that Jjsiui) — >■ and p ^ 

Jfsiui) - pJ'p{ui)ui < K + p\\ui\\e,p (1-31) 

so we have the inequalities: 

K + p\\ui\\p^E > J0{ui)-pJ'{ui)ui > C3(s)||u||jtii -C2(/,S) (1.32) 

thus 

/ \uiY+^dxdt<Ci{f,s)\\ui\\E,0+K + C2{f,s). (1.33) 
JQ 

Now 

J'^{ui)vi = {l+Tr{ui)) [ pvldxdt-{l+T2{ui)) [ \ui\'-\iVidxdt-{tP{ui)+Ti{ui)) [ fvidxdt. 

JQ JQ JQ 

(1.34) 

ui is a Palais-Smale sequence so there exists e small such that 
J'is{ui)vi < eWviW^^E thus 

il+T,{ui))p\\vit\\l2 < {1+T2{ui)) [ \uir'uiVidxdt+i^lj{ui)+T,{ui)) [ fvidxdt+e\\vi\\is,E- 

JQ JQ 

Now for M2 large enough (independently of /3) and we have 

llSWvitWh < {2 [ \ui\^Vi\dxdt + 2 [ \f\\vi\dxdt + e\\vi\\0,E (1-35) 
^ jQ JQ 

and applying Holder inequality we deduce: 

flh*lli^<c|Klll»+i||^dU»+^ + 2|hlU»+i||/||^^+e|KiU.. 

A similar computation gives 

lKlll,/3<c||«dlWlKlU^+i+2|K+||L3+i||/||^^ +e\\w+\\E. (1.36) 
We now estimate ||f;||i:,s+i:w; = ui — wl' — hence 

||^^;IU^+i < ll^ilU'^+i + l|w';"'"||z,»+i + ||wrlli''+^ 

< c|K||f^+c|krlU + c|KlU (1.37) 

< c\\ui\\E,fi + D{f,s) (1.38) 
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where the constants c,D{f,s) are independent of /3 and (|1.37p fohows from 
(|1.33l) and the Sobolev inequaUty ||w;||lp < c(p)||u'/||£; We can now deduce: 

ll"i|ll,/3 < c(l + \\ui\\1, + i){\\vi\\ls + i + + + \ \w^\\Ls + i) + c\\ui\\E,f! 

< c{l + c\\ui\\f]i){3c\\ui\\E^p + D{f,s)) + c\\ui\\E,i3 (1.39) 
so IIujIIb.^ < +00 and Palais-Smale is satisfied. 

2 Estimates on minimax values independently 

of /3 

Lemma 2.1. There is i?„ — > +00 such that Jf}{u) — >■ —00, uniformly as 
\\u\\i3^E = Rn +00 for u e © ® N"^. As a result we can also 

assume that Rn+i > 4i?„, without loss of generality. 

Proof: 

Let 

Mlj,^Rl (2.40) 

then either \\w+\\l^^ > ^ or \\w~\\\l^^ + fi\\vt\\^ > 
Case 1: \\w+\\^ > ^: 



Jpiu) = ^\\w+\\l-\\w \\l - PWvtWh - -—^\\u\\'+l, - ip{u) I fudxdt 
1, 



< ^Ik+lll-— Tll«llLt+i-^(«) / fudxdt 

2 s + 1 ^ Jq 

< l\\y^^\\l-a{s)\\u\\ltl~c{f) (2.41) 

by the Haussdorfi"- Young inequahty and as w+ £ © © N"^ and s > 1 
we also have: 

— \\w+\\e < Ml^ < \\u\\ls+i (2.42) 

thus 

JM") < Jlk+ll|-(^^r^-c(/) (2.43) 

and for i?„ large enough — — 00 uniformly. 

Case 2:||w+||^ < ^ hence Hui^Hl; + ;3||wt|||2 > thus: 

< -^-^Mltl-ibiu) [ fudxdt 

O S + i 

< -:^_a(.)||«||^t^.+c(/) (2.44) 
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by HaussdorfF- Young inequality and wc can conclude again that i?„ large enough 
Jg — — oo uniformly which ends the proof of the lemma. We now define the 
minimax sets and the minimax values which will lead to the existence of critical 

values: 

Let B{R, W) the closed ball, of radius R, in a subspacc W of E Q) N: 

B{R,W) = {ueW \\u\\E,fi<R} 

D^ = {ue £+" e e iV™ and \\u\\E,fi< Rn} 

T';^ = {h:D^ ^ ^+™eS-™eA^™, /i continuous and odd ,h{u) = u, for ||u||b,;3 = R„} 

6™ = inf max Jgihiu)) 
" her^ueD^ pv v // 

= {Un+l = ten+l+Un, t G [0,i?„+i], W„ G £+"e^-"eAr™), ||u„+i||e,;3 < Rn+l} 

( H e C(C/™, £;+™ e E-"" e TV™), H^orr. e r™, and H{u) = u 

A™ = < if||u||i3./3 = i?„+i, orif 

[ u e B(i?„+i, £;+" © © A^™) \ B{Rn, E+"' © i;-™ © N"") 

where the constants i?„ docs not depend on /3. 

A^{5) = {He A™, J^i^M) < C + on Z)- } 
C = inf max JeiHiu)) 



and 



C((5) = inf max Jb{H(u)) 



Lemma 2.2. Vu € .D™ fl f/iere is a constant C{n) independent of /3,m 

such that 

Jffiu) < C(n) (2.45) 



Proof: 
Let u G 

M^) = i||«;+|||-^|K|||-/3|hlli.-_^^cia;cit-VW^/t.dxdi 

11 1 /• |7;|«+1 

< 2ll^^il'^^-2ll^"ll^-^"^*ll'="2yQ7TT^'^^* + '(-^'') (^-^^^ 

< c(/,s)+ sup -llw+lll--/ — —dxdt 

ueE+" 2 2 Jq s + 1 

< c(/,5)+ sup hw+\\l-c{s,Q)\\u\\l+' (2.47) 
Now in £+" 

IHII<Mn|Hli2 (2.48) 
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and on the other-hand 

sup l\\w+\\%-c{s,Q)\\u\\lV>0 (2.49) 
and is attained at say u hence we have 

c{s,Q)m\lt'<\\\u\\l<\f^n\\u\\h (2.50) 

and we can conclude there is C(n) depending on n but independent of /3 such 
that 

Jf)(u) < C(n) (2.51) 

We now construct the map which leads to upper estimates independently of 
13 which is the main contribution of the paper. 

Theorem 2.1. Let < (5 < c™ — 6™, then and there is a map H G A™(5) such 
that 

Jp{H{u, t)) < C{n + 1) (2.52) 
in where C(n + 1), is independent of p,m. 
Proof: 

Let h G a minimizing map for b^, i.e.: 

Jp{h{u))<b^+^- (2.53) 

on£>™. 

The aim is to construct a function H(u, t) which is the identity map when 
||w||b,/3 = Rn+i and which coincides with a map h{x) dX t = 0, for which 
Jp{H(u,t)) < c{n + 1) a constant independent of the small paramater 13. 
Let and u G i?"*""" we have Jfs{h{u)) < + | where 5"^ is boimdcd indepen- 
dently of m, 13. h also satisfies h{0) = which plays an important role in the 
proof. The idea is to deform H{u, t) from /i at f = to the zero map and then 
to the identity map while keeping H{u,t) =u + ten+i, when ||u||b,/3 = Rn+i- 

<t < 1: We construct a map H{u,t) which vanishes somewhere between 

Rn < ||w||_E,^ < 3i?,„; which here we choose to vanish at ||m|| = 2i?„: 
We define the functions Hi,H2, H^, H4 for all values of t > 0: 

< ||w||£;,/3 < i?„ Hi{u,t) = h{u) 

Rn<ME,0<2R„ H2{u,t) = {l-t)u + t{-U+j^l^u) 

2Rn<\\u\\E,l3<SRn H3{u,t) = {1 - t)u + t{3u - ^^^) + t{^-i^ - 2)e 
3Rn < \ \u\\e,/3 < Rn+1 Hi{u, t) = u + ie„+i 

then to define H we restrict the domain of these functions to < t < 1: 

Hi{u,t) forO <t<\ 
H2{u,t) forO < t < 1 
H3{u,t) forO < t < 1 
H4{u,t) forO < i < 1 



' < \ \u\\e,0 < Rn H{u,t) = 

Rn<ME,0 <2Rn H{u,t) = 

' 2Rn<\\u\\E,p<^Rn H{u,t) = 

3Rn < \\u\\e,I3 < Rn+1 H{u,t) = 
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To verify continuity wc note that Hi{u,0) = h{u) and H2{u,0) = Hs{u,0) = 
H4{u, 0) = u 

Hi{\\u\\e,/3 = Rn-t) = ^^2(||w||_E,^i Rn,t) U 

H2{\\u\\E,fi^2Rn,t)=Hs{\\u\\E^p=2R^,t) = [l - t)u 

H3{\\u\\e,i3 = 3Rn,t) = ^^4(||'«||£;,^ = 3Rn,t) — u + tCn+i, hence we can con- 
clude that H is continuous for < i < 1. To show that Jp{H{u,t)) is bounded 
independently of (3 note that Hi{u) = h{u) and that by hypothesis J(i{h{u)) < 
+ |. Also H2iu,t) e E+'',H3{u,t) e E+'^"'+^\Hi{u,t) G £;+("+!) and by 
lemma and [^?T] we conclude 

Jf3{H{u,t)) <c{n + l). (2.54) 



1 < i < 2 : We do not have any a priori estimates independently of m on the 
dimension of the subspace in which h{u) lies. We deform h{u) to the 0-map 
thereby ensuring that the range of H{u, 2) lies in £'+("+!) at t = 2, where by 
lemmas [2.11 12-21 J^g is bounded independently of /3: 
Define hi{u) — h{u) for < Rn and hi{u) = H2{u, 1). 



hi = 



hi{u) = Hi{u) ^ h{u) 0<\\u\\E,fi<Rn 

hi{u) = H2{u, 1) i?„ < \\u\\e^p < 2R„ 



hi this constructed is continuous as 

Hl{\\u\\E,fi = Rn, 1) = H2{\\u\\e,P = Rn, 1) = U. (2.55) 

Now, 

hi : S(2i?„, £;+") ^ © E-"" ® TV™ (2.56) 
Hi{u,t) — hi{{2 — t)x) is continuous. The map (2 — t)u 

(2 - t)u : B{2Rn,E+'') x [1, 2] S(2i?„, i;+") : (u, t) ^ {2 - t)u (2.57) 

is composed with hi so the composition 

Hr^{u,t) = /ii o (2-t)w : £;+" x R :^ £;+'" © i;"™ ® TV™; (u, i) ^ /ii((2-t)u) 

(2.58) 

is continuous. This way we have H^{u, 2) = ft-i(O) = G 

for < I lulls, ;9 < 2i?„ which will be later continued as the 0-map for 2 < i < 3 
and < \ \u\\e^i3 < 2i?„: 

< Me^p < 2i?„ H5{u,t) = hi{{2~t)u) 

2i?„ < Me^p < 3Rn He{u,t) = {3u - + 1^-^ - 2)e„+i 

3i?n < IImIIb,/? < Rn+1 Hj^U^t) ^ U + tCn+l 

< \\u\\e,i3 < '2Rn H{u,t) ^ H^{u,t) fori < t < 2 
2i?„ < \\u\\e,p < iRn H{u,t) ^ HqIuJ) fori < t < 2 
3i?„ < ||u||£;';9 < 3i?„ i/(u,i) = Hriu,t) fori < t < 2 
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H5{\\u\\E,fs - 2R,„t) = He{\\u\\E,p = 2i?„,<) = 
Hei\\u\\E.i3 = SRn,t) = Hj{\\u\\e,i3 = 3i?„,i) = U + tCn+l 

Hi{u, 1) = H^iu, 1) = w for ||m||£;,/3 < Rn 
H2{u, 1) Hr,{u, 1) = for Rn < \ \u\\e,i3 < 2i?„ by definition of hi. 

Hsiu, 1) - He{u, 1) = {3u - y^f^) + - 2)e„+i for 2i?„ < < 3i?„ 

i73(u, 1) = i?7(u, 1) = M + tCn+l for 3i?„ < IIuIIb,^ < Rn+1 

We can now note that Ji3{hi{u)) is bounded independently of /3: 

Case 1:0 < ||m|| < i?„ Jp{hi{u)) = Jjj{h{u)) and since /i is a minimizing map 

Case 2:i?„ < ||u|| < 2i?„, G £;+("+!) hence J^(/ii(u)) < c(ri + 1) 

2 < i < 3 

< IIwIIb,/? < 2i?„ Gi(u,t) = 0for2 < t < 3 

2i?n < < 3i?„ G2{u,t) = (3« - ^f^^) + - 2)e„+i for2 < £ < 3 

3i?„ < IImIIb,;? < i?n+i G3(u,t) = u + te„+i for2 < i < 3 

775(u,2) = /ii(0) = = Gi(u,2) for \\u\\e,p < 2i?„ 

i76(u,2) = G2(u,2) = (3^.- +2(iM -2)e„+i for 2i?„ < ||7.||b,;3 < 3i?„ 

Hr{u, 2) = G3(m, 2) = u + 2e„+i for 2i?„ < | \u\\e,p < 3i?„ 

< \ \u\\e,p < 2R.n G{u,t) = Gi{u,t) for2 < i < 3 
2i?„ < ||w|l£:,/3 < 3i?„ G(M,i) = G2(M,i) for2 < i < 3 
3i?„ < < SRn G{u,t) = Galu^t) for2 < i < 3 

G{u,t) e £;+("+!) and the identity map Id{u,t) = u + ie„+i G £;+("+!) where 
we know is bounded independently of /3, so by a simple linear homotopy we 
can now ensure that H{u, t) — u + te^+i at t = 3: 

H{u,t) = {i~t)G{u,t) + {t^2){u + ten+i), 2<t<3 (2.59) 

then extend for all other values of t, by H{u,t) = u + te^+i G ^ 3 < 

t < Rn+i- Such an if G A™((5) with Jp{H{u, t)) bounded independently of /3, m 
which concludes the proof. 

At this stage we know that by lemma 1.57 in |Rabinowitz82| . c™ (6) is a 
critical value if c™ > Now to show that there is a subsequence Uq such that 
this is the case we employ the comparison functional K introduced by Tanaka, 
in lemma 2.2 in [TanakaSS] : 



+ \ -'-II +11 ^o(*)|| +IIS+1 



which satisfies the Palais-Smale condition. The functional K also satisfies the 
comparison property : 

Mw+)>K{w+)-ai{f,s) 
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for any G E'^ , ai(/, s) is a positive constant. Wc define the minimax sets: 

A™ = {ae C(5"~", £;+'"), (7(-a;) = a{x)} 

where S™~" C E^™' is the unit sphere in M™^"+^, whose basis consists of 
eigenvectors {e„, e-m}- x ^ S""^" if and only if 



X — ^ Xid and ^ — ^ (2.60) 

and the minimax values 



^™ = sup min K{(t{x)) 
Properties of the minimax numbers /3™ from |Tanaka88) : There exists sequences 

i^{n) < < K^) (2.61) 

such that ^{n), v{n) oo as n ^ co (independently of to). 
Borsuk-Ulam type theorem: 

Lemma 2.3. JTmakaSBlLet a,b e N. Suppose that h e (7(5", R"+''), and 
g G C(K'',M°+'') are continuous mappings such that 

h{x) = h{--x) for ah x e S"" (2.62) 

g{-v) = ~9{y) for ah y G R"^ (2.63) 
and there is a ro such that g[y) — y for all r > rg. Then h{S'^) g(M'') ^ 
Lemma 2.4. JTanakaSSf Let 7 G T™ and a <E A\^^ , then 

[7(7^,7) U {m G © E-^ © A^-™, I \u\\p^E > Rn}] n a(5"-") ^ (2.64) 

Proof: Apply the lemma above with a — m — n and b — dimension{E^"' © 
E-"'®N-"'). Then extend 7 to ah of ©£;-™ ©iV" by extending it by the 
identity map on 91?™ and view a{S'"'-") as embedded in © E'"™ © A^"™, 
then apply the preceding lemma [273] 



Lemma 2.5. Vn G N, 

C > /3,T - ai (2.65) 
where ai is independent ofn,m,/3. 

Lemma 2.6. (Proposition 4- I fTanakaSSl ) Suppose that < (3'!^'^^, m > n + 1, 
then there exists a m™ G E^"^ such that 

Km < (2.66) 

K' (u™) = (2.67) 

indexK" «') > n (2.68) 
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Lemma 2.7. (Proposition 5. l ]Tanaka88^ ) For any e > 0, there is a constant 
Ce > 0, such that for u 6 E'^ 

indexK"{u) < C,\\u\\^j^(:^l\}++l\ (2.69) 

Theorem 2.2. There is a subsequence Uq and c independent of /3,m,n such 
that 

bZ > (2-70) 

Proof: 

The inequahty (j2.6ip impUes that there is a subsequence rig such that 

- (l-^^^"('^\\<Xll (2.71) 
Then for e > small enough 



"n,lls+l 



^ ''ll"ri,ll(s_i)(i+e) 

> 4ii<:iiS::SJ;:!]^-^ (2.72) 



> c£n,(=-i)(i+-) (2.73) 

by combining p.69p and ()2.68p . Now recalling lemma 12.51 and that for e small 
enough, > the lemma follows. 

To conclude we recall lemma 1.64 in f Rabinowitz82] which in our case implies 
that, for m large enough, independently of (3, if = 6™ for all n > ni then 
bn < cn^ . Then by lemma 1.57 in |Rabinowitz82] . c™ {6) is a critical value of 
IpmE+"'®E-"'®N"'. 



3 Regularity 

Theorem 3.1. Let / be , for n large enough there is a classical solution 
u = V + w of the modified problem |_?./^[ ) . 

Proof: 

In this proof the constants may dependent on /3 and / but are independent of m. 
The proof of this theorem here is slightly simpler from the one in f Rabinowitz84) 
as we take advantage of the polynomial growth of the nonlinear term and employ 
Galerkin approximation. 

Let = +v"^ £ © © N"^ a distributional solution corresponding 
to the critical value c™ {S), bounded independently of /?, m, and any </> g £'+™ 
E-'"'®N"': 

l'i<\)^ = (3.74) 
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now taking (f> — S iV™ we have 

PWvuWh < IIKIIIl^KIIl^ + ll/IUHKiu. 

now by the argument in the proof of the Palais-Smale property we also have 

Ww^'We < cK), f3\\vr\\L- < c{ng) (3.75) 

hence 

\\v^\\L2<ciPJ) 

we now have 

hence e ffi n by |Rabinowitz67] and |BCN80| . This now imphes w"" G 
77^ ^ w(/3) pointwise and 6 i?^ n Then if = v^['l^^ then 

and we deduce ||Dj^(||i2 < c{l3,f) hence vttW) G C° hence w(/3) is 

and is by applying |BCN80| to (fTtl) . We now have 

u^T, e as m^oo (3.76) 

and since ([X7i)) holds for any (/) G £^+™ ffi -E"" ® TV" we can deduce 

/'(u(/3))0 = V0 e ® iV, (3.77) 

and u(/3) is a weak solution of (|1.4p . Now for any G C°° fl L'^{S^) we have 

/'(u(/3))[(/.(x + i) - 0(x - i)] = / [-P{p"{x + t)- p"{-x + t) + |u(/3)r-i^.(/?)) + f(x, t)] 

JQ 

[(f){x + t) - (j){-x + t)]dxdt 

Denoting i/'(a;,i) := [-f3{p"{x + t) + \u{f3)\'-'^u {x,t) + f{x,t)\ and noting that 
the functions "0, (j) are periodic we deduce as in [Rabinowitz 78] that 

flu fix fix fllX 

/ / ip{x,t)(j){x + t)dxdt = / / ip{r,r — x)(f>{r)dxdr 

Jo Jo Jo Jo 

and 

^>7r /^2ix fix f27x 

tp{x,t)(j){^x + t)dxdt — / / ipix^r -\- x)(f){r)dxdr 
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for all G C°° n L'^{S^) hence 

I i'{x, r + x) — r — x)dxdr = 
Jo 

and we have 

27r/3p"(r) = C {\um'-^u{p){x, r~x)~\um'-^u{p){x, r+x))+f{x, r-x)-f{x, r+ 



(3.78) 

so p is C3 since u(/3) e C^. Since RHS of (HH) is then by [BCNSOj w £ 
and u(/3) is a classical solution of (ll.4p . 

Lemma 3.1. There is a constant c independent of I3,m such that 

\\wm\co<c (3.79) 

Proof: 

By (jl.lOp . the bound on c™ ((5) independent of /3,to and (|3.76p . we deduce that 
J |u(/3)|"+ida;di < c(nq) independent of /3. (3.80) 

Then by p.78p l|/3fttl|Li is bounded independently of /3, hence by Lovicarova's 
formula |Lovicarova69) we conclude that there is a constant c 

\\wm\co < c{n,) (3.81) 

which is independent of /3. 

Lemma 3.2. There is a constant cijiq), independent of /3 such that 

Wvmico < c{ng). (3.82) 

Proof: 

^(t) G N, 

i-PvttiP) + {g{um + fix, t))(pdxdt = 



^0 

/ Pvt{mt + {9W)+wm-9{w))4>dxdt = - [ f {f{x,t))+g{w))^dxdt 
Jo Jo Jo 

(3.83) 

Define q: 

qis) = 0, if |s| < M. 

q{s) = s + Af if s > M and q(s) = s - M if s < M. ^ ' 



Now define the function ^k{z): 

f„l ^ c\ - f,Ji:\ ^f , n 

(3.85) 



ij)K{z) = niax|^|<M5 fxiz + C) - /k(C) if z > 0. 



'4'k{z) = -m\n\^\<MrS.fK{C) - fK{z + S)) if z < 
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•tpK is monotonically increasing and lim^^ioo V-'-ftr(2) — ±00. For 2; > 0, = 
mui{il}{z),'4>{—z)). Define 

Ts = {{x,t) e [0,7r] X [0,27r] > (5}. 

By taking the test function — q{v^) — q{v~) = — v~ and noting tliat g is 
strictly increasing we liave tlie estimate following lemma 3.7 in [Rabinowitz78] : 

{g{v + w) - g{v)){q+ - q-)dxdt > ^^--^^j.{6) [ {\q+\ + \q-\)dxdt (3.86) 

Ts \M\co Jts 

hence: 

(ll5Mllco + ||/||c") / \q+\ + \q-\dxdt>^f--^ti{d) f {\q+\ + \q-\)dxdt. 
Jt \\'"\\c° JTs 

(3.87) 

Denoting max(||w+||(70, Hw^Hcf) — ll^^^llc '^^ have 

f^ilWv^Wc-) < mfWco + \\g{w)\\co) (3.88) 
and we can conclude that there is a constant c independent of /? such that 

||«(/3)||co <c. (3.89) 
Lemma 3.3. The family v[p) is equicontinuous. 

Proof: u ^ V + w. Define v{x,t) — v{x,t + h),w{x,t) = w{x,t + h) and 
u = V + wj = f{x,t + h),U = V + W, where V = v — v,W = w — w, 
q{V+) = Q+,qiV-) = Q- 



l3Vt<j)tdxdt+ g{v+w)-g{u)dxdt ^ - / g{u)-g{v+w)+f - fdxdt (3.90) 
Jt Jt 

For (j) — q{V^) — q{V^) and = w+ — t;+, we have 



[g{V+u)-g{u)+f-f][Q+-Q-]dxdt<{\\f{u)~f{v+w)\\co + \\f-.f\\c'>) / i\Q+\ + \Q'\)dxdt 

Jt 
(3.91) 



and 

[giV + u)-g{u)][Q+-Q-]dxdt > ~ [ [\Q+\ + \Q-\]dxdt. (3.92) 

\\v\\c° Jt 

Since w(/3) G and / G we deduce 

Wfiu) - f{d+w)\\co + \\f- fWco) < c\h\ (3.93) 
where c is independent of /3, thus 

kIwV^Wc'o) <c\h\ (3.94) 
and the modulus of continuity of v{f3) is independent of (3. 
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Theorem 3.2. The problem Hl.l]) . UTT^) has an infinite number of weak solutions 
u = w + V where w £ and w G C° . 

Proof: 

||/3?^tt||Li — Oas/3 0: Recalling the interpolation inequalities |Rabinowitz78j , [NirenbergSO] 
and (|3J8l) : 

PWvuWl^ < mvtt\\U\<^)\\co ^ (3.95) 

and Lovicarova fundamental solution in |Lovicarova69) implies that w G . 
Case 1: 

If 3r such that u{x,r ^ x) — a for Vx G [0,7r] then the boundary conditions 
imply a = and p{r — 2x) = p{r) + w{x,r — x), thus 

||w||c'i < llwllci . (3.96) 

Case 2: 

There is no r such that u{x,r ~ x) — 0, then there is 7 > such that 
s\u\''^^{x,r — x)dx > 7, Vr G [0,27r]. Now since u{(3) — J- as /3 — we 
have ^ 

/ s\u\'-^{l3){x,r -x)dx>^ (3.97) 
Jo 2 

Differentiating p.78p with refer to r and using the boundary conditions for u 
as in |Rabinowitz78| we obtain: 

— T:(3p"' [r) + a{r)p' {r) = / s\u\^^'^[xTr — x)[——Wx{xTr — x) ~ Wr{x,r — x)] + 

Jo 2 

s|u|''~^(a;, r + x)[——Wx{x, r + x) + Wr{x^ r -\- x)] + 
frix, r + x) — fr{x, r — x)dx, (3.98) 

where a (r) = s\u\^^^{f3){x,r — x) + s\u\''~^{(3){x,r + x)dx. Now by writing 
0(r) —p'{r) we have: 

- 7r/3<?!)"(r) + a(r)(/>(r) = h{r) (3.99) 

where h G C°(S'^) and since / G we deduce as in |Rabinowitz78] that 
limfs^o (f>{(3) exists and is in H^{S^). Denoting this limit by 0(0) we deduce 
that V £ C^. This implies w G and /i G C\ as / G C^. Now ((XMl) is 
valid a.e at /? = which implies (j) G and u G is a classical solution of 
(fTTt.dL^. 
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